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Abstract 

This article is the second part in the series of articles where we are developing 
theory of valuations on manifolds. Roughly speaking valuations could be thought as 
finitely additive measures on a class of nice subsets of a manifold which satisfy some 
additional assumptions. 

The goal of this article is to introduce a notion of a smooth valuation on an arbitrary 
smooth manifold and establish some of the basic properties of it. 
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0 Introduction. 


This article is the second part in the series of articles where we are developing theory of 
valuations on manifolds. Roughly speaking valuations could be thought as hnitely additive 
measures on a class of nice subsets of a manifold which satisfy some additional assumptions. 

The goal of this article is to introduce the notion of a smooth valuation on an arbitrary 
smooth manifold and establish some of the basic properties of it. Let us describe this notion 
with several oversimplihcations referring for the details to the main text. 

Let X be a smooth manifold of dimension n. Let us denote by V{X) the family of simple 
differentiable subpolyhedra of X (see Subsection EH}. ViX) serves as a natural class of 
’’nice” sets. For any set P G V{X) one dehnes a characteristic cycle CC{P) which is a 
closed cycle of dimension n in the cotangent bundle T*X fPehnition I2.4.1fl . (Note that if 
P is a smooth submanifold of X then CC{P) coincides with the conormal bundle of P.) 
A smooth valuation 0 is a complex valued finitely additive functional (measure) on V{X) 
which satishes some additional properties. One of the main such properties is continuity of 
0 with respect to convergence in the sense of currents of the characteristic cycles of subsets 
from V{X). Most of the other properties were introduced essentially for technical reasons 
and their necessity is not very clear for the moment. 

0.1.1 Remark. The class V{X) is not closed neither under hnite unions nor under hnite 
intersections. Thus the notion of a hnitely additive functional on V{X) should be dehned 
more formally. This is done in Subsections 12.21 and 12.dl using the notion of a subdivision of 
a differentiable polyhedron. 

Thus we get the space V°^{X) of smooth valuations on X. It is a Frechet space. The 
group of diffeomorphisms acts continuously on V°°{X). It is important to notice that if X 
is an affine space then the subspace of translation invariant elements from V°^{X) coincides 
with the space Val^"^{X) introduced and studied by the author in [2]; the last space is a 
dense subspace of the space Val{X) of continuous translation invariant valuations on convex 
subsets of X which is the classical object. For the classical theory of valuations we refer to 
the surveys McMullen-Schneider [T3] and McMullen jldj . 

Next, the notion of smooth valuation is a local notion. More precisely for any open 
subset U (Z X the correspondence U i—>■ V°°{U) is a sheaf on X (when the restriction maps 
are obvious). This sheaf is denoted by V^. Thus V°°{X) is equal to the space of global 
sections F(X, V^) = V^(X). 

The sheaf Vx has a canonical hltration by subsheaves of vector spaces 

= >Vo D >Vi D ■ ■ ■ D >V„ 

where n = dimX. Wn coincides with the sheaf of smooth densities (measures) on X. For 
any open subset lA <Z X and any i = 0,1,..., n, WiiU) is a closed subspace of V^(W). 

It turns out that the associated graded sheaf gry\)Vx '■= 0^=0 admits a simple 

description in terms of translation invariant valuations. To state it let us denote hy Val{TX) 
the (inhnite dimensional) vector bundle over X such that its hber over a point a; G X is 
equal to the space Val^'^lT^X) of smooth translation invariant valuations of the tangent 
space T^X. By McMullen’s Theorem ll.d.dl the space Val^'^{TxX) has natural grading by 
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the degree of homogeneity which must be an integer between 0 and n. Thus Val{TX) is a 
graded vector bundle. Let us denote by Val (TX) the sheaf U h->• C°°(U,Val(TX)) where 
the last space denotes the space of inhnitely smooth sections of Val{TX) over U. The next 
result is Corollary Id. 1.71 

0.1.2 Theorem. There exists a canonical isomorphism of graded sheaves 

gry^Vff ~ Val(TX). 

This theorem provides a description of smooth valuations since translation invariant 
valuations are studied much better. ProDosition ld.l.bl gives yet another description of smooth 
valuations in terms of integration with respect to the characteristic cycle. Combined with 
Lemma (2.4.81 it says the following. 

0.1.3 Theorem. Let (p be a smooth valuation on X. Then there exists a section p G 
C'°o(T*X, 12" 0 p*o) such that for any P G V{X) one has 

HP) = f 1 

Jcc(P) 

where p : T*X —> X is the canonical projection, 12"' denotes the vector bundle of n-forms on 
T*X, o denotes the orientation bundle on X, and C°°{T*X,VP ®p*o) denotes the space of 
infinitely smooth sections of the bundle VP'®p*o such that the restriction of the projection p 
to the support of this section is proper. 

Conversely any expression of the above form is a smooth valuation. 

The sheaf has yet another interesting structure which we call the Euler-Verdier invo¬ 
lution and denote by a. This is a non-trivial automorphism of sheaf a: The next 

result is Theorem 13.3.21 

0.1.4 Theorem, (i) The Euler-Verdier involution a preserves the filtration W,. 

(a) The induced involution on gr-y^Vx — ValJ TX) comes from the involution on the 
bundle ValiTX) defined as (p [K (—1)*^'^(/)(—iL)] for any (p G ValiT^X) for any 

x & X, and where degcp is the degree of homogeneity of (p. 

Thus the sheaf of smooth valuations decomposes under the action of the Euler-Verdier 
involution into two subsheaves and V“’~ corresponding to eigenvalues 1 and -1 of a 

respectively. Thus 

© V“’“. 

The article is organized as follows. Section ^ is a background and does not contain 
new results. In Subsection o we remind very basic facts from representation theory, in 
Subsection mil we remind some basic facts from the sheaf theory, and in Subsection II.31 facts 
from the theory of valuations. 

In Section 121 we discuss the notion and the properties of differentiable polyhedra, discuss 
the notion of a hnitely additive measure on them, and hnally in Subsection 12.41 we introduce 
the main object of this article, the notion of a smooth valuation on a manifold. 

In Section 01 we study further general properties of smooth valuations. In Subsection 
o we introduce and study the hltration W, on smooth valuations; in Propo.sition 13.1 .bl we 
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obtain a description of smooth valnations in terms of the integration with respect to the 
characteristic cycle. In Snbsection Id.21 we dehne the natnral strnctnre of Frechet space on 
the space of smooth valnations. In Snbsection Id.dl we introdnce the Euler-Verdier involution 
on smooth valuations. 

Acknowledgements. I am grateful to J. Bernstein to numerous very useful discussions. 
I express my gratitude to J. Fu for very fruitful conversations, and in particular for his 
explanations of the construction of valuations using the integration over the normal (char¬ 
acteristic) cycle. I thank V.D. Milman for his interest to this work, and D. Hug and M. 
Ludwig for useful discussions. I thank the referee for careful reading the hrst version of the 
article. 


1 Background 

In Snbsection II .ll we remind some very basic dehnitions and facts from representation theory. 
In Snbsection 11.21 we remind basic facts from the sheaf theory. In Snbsection II .dl we remind 
some facts from the valuation theory. This section does not contain new results. 

1.1 Some representation theory. 

1.1.1 Definition. Let p be a continuous representation of a Lie group G in a Frechet space 
F. A vector ^ ^ F is called G-smooth if the map g i—*• p{g)^ is an inhnitely differentiable 
map from G to F. 

It is well known (see e.g. UTI. Section 1.6) that the subset F®”* of smooth vectors is a 
G-invariant linear subspace dense in F. Moreover it has a natural topology of a Frechet 
space (which is stronger than that induced from F), and the representation of G in F^™ is 
continuous. Moreover all vectors in F®”* are G-smooth. 

1.2 Sheaf theory. 

The dehnitions of this subsection are taken from Godement’s book [S]. 

Let X be a topological space. Let <I> be a family of closed subsets of X. 

1.2.1 Definition ([9J, Section 3.2). The family $ is called paracompactihable if 

(1) any S' G <F is closed and paracompact; 

(2) <I) is closed under hnite unions; 

(3) any closed subset of any S G <F also belongs to <I); 

(4) any S G <F has a neighborhood belonging to <I>. 

From now on we will always assume that $ is a paracompactihable family of subsets of 

X. 

1.2.2 Example. (1) If X is a locally compact paracompact topological space then the family 
of all closed subsets is paracompactihable. 

(2) If X is a locally compact paracompact topological space then the family of all compact 
subsets is paracompactihable. 
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From now on we will always assume that X is locally compact and paracompact. 

1.2.3 Definition (|3, Section 3.5). (1) A sheaf JF on X is called <F-soft if for any S', S" G 
$ with S' D S" the restriction map X{S') — X{S") is surjective. 

(2) A sheaf JF on X is called soft if it is <h-soft where <F is the family of all closed subsets 
of X. 

For a sheaf JF on X let us denote by F$(JF) the set of global sections of JF with the 
support in $. The functor JF i—^ F$(JF) is left exact on the category of sheaves of abelian 
groups. Denote as usual by its right derived functor. 

1.2.4 Theorem (j2l|, Theorem 3.5.4). Let 0 — ^ ^ —*> ... he an exact sequence of 

<F-so/t sheaves of abelian groups. Then the following sequence is exact: 

0^F$(/:°) ^.... 

1.2.5 Theorem ([^SJ, Theorem 4.4.3). If tF is a ^-soft sheaf then if4(X, JF) = 0 for all 
i > 0. 

1.2.6 Theorem ([9J, Theorem 3.7.1). Let A be a sheaf of unital rings on X. If A is 
<F-so/t then any A-module is ^-soft. 

1.2.7 Theorem ([SJ, Theorem 3.7.2). Let A he a sheaf of unital rings over a paracompact 
space X. Then A is soft if and only if any point of X has a neighborhood U such that for 
any disjoint closed subsets S,T (Z U there exists a section of A over U which is equal to 1 
on S and to 0 on T. 

1.2.8 Definition ([9J, Section 3.7). Let £ be a sheaf of abelian groups on X. C is called 
fine (resp. <F-fine) if the sheaf of rings TLomi^C, C) is soft (resp. £|5 is fine for all S' G <F). 

Any <F-fine sheaf is <F-soft (by Theorem II. 2. 6|1 . 

1.2.9 Lemma. Let A he a sheaf of unital rings on a locally compact paracompact space X. 
Then A is ^-fine if and only if it is <F-so/h 

Proof. By the remark before this lemma it remains to prove that if A is <F-soft then it 
is <F-fine. Restricting to S' G <h, it suffices to prove that if A is soft than it is fine. Note that 
a sheaf C of abelian groups is fine if and only if for any disjoint closed subsets A and R of X 
there exists a morphism C —> C inducing the identity map over a neighborhood of A and the 
zero map over a neighborhood of B. Thus in the case of a sheaf of rings A, the last condition 
is satisfied provided A has a section over X which is equal to one in a neighborhood of A 
and is equal to zero in a neighborhood of B. The last condition is equivalent to the fact that 
A is soft. Q.E.D. 

1.2.10 Theorem ([9J, Theorem 3.7.3). If C is a ^-fine sheaf of abelian groups then for 
any sheaf M. of abelian groups C A4 is ^-fine (and hence ^-soft). 

1.2.11 Example (|9j, Section 3.7). Let X be a smooth paracompact manifold. Let 
Ox denote the sheaf of C'^-functions on X. Then Ox is fine and hence soft. Hence any 
Ox-module M is fine and soft. It follows that H^{X,M) = Hl{X,M.) = 0 for alH > 0. 
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For the definition of operations /*,/*,/; on sheaves see e.g. the book m (in their 
notation f* is denoted by /“^). 

1.2.12 Lemma. Let X be a locally compact paracompact topological space. Let Z <Z X be a 
closed subset of X. Consider the imbeddings 

Z ^ X := X\Z. 

Let X be a sheaf on X. 

1) If H^{U, jd*^) = 0 then any section of X over Z extends to a section over X. 

2) If any section of X over Z extends to a section over X and H^{X,iF) = 0 then 

H\u, ja*x) = o. 

3) Let A be a soft sheaf of unital rings on X. Then for any A\u-module M. one has 

HdX,jiM) = 0 for alli> 0. 

Proof. 1) We have an exact sequence of sheaves 

0 —^ J\J*X ^ iST 0 

(see e.g. the exact sequence in Proposition 2.3.6(v) of combined with Propositions 
2.3.6(iv) and 2.5.4(ii) of [TT|i. Hence the following sequence is exact 

r(X,.F) ^ Y{XCd*T) H^{X,3^fX) = 0. 

Since V[X,i*i*X) = r(Z, PJF) the result follows. 

2) From the same exact sequence and our assumptions we obtain an exact sequence 

onto / ^\ 1 / .i.\ 1 / 

T{X,X) ^ T{Z,t*X) ^ H\X,pfX) ^ H\X,X) = t). 

This implies the statement. 

3) Indeed j\M. is an .4,-module. Hence it is acyclic by Theorems ll.2.bl and 11.2.51 Q.E.D. 

1.2.13 Proposition. Let X be a smooth manifold. Let Ox denote the sheaf of C°°-functions 
on X. Let V be a sheaf on X which admits a finite filtration by subsheaves 

V = Wo D Wi D ■ ■ ■ D Wat D Wat+i = 0 

such that the guotients W^/Wfe+i have a structure of Ox-modules. 

Then V is soft. 

Proof. Let Z be any closed subset of X. We have to show that any section of V over 
Z extends to a section over X. By Lemma fl.2.12r il it is enough to check that for any open 
imbedding j\ Lf X one has H^X, jd*^) = 0 for i > 0. Observe that j\ and j* are exact 
functors (see e.g. 2.5.4 and 2.3.2 of jTTj respectively). So we have a filtration 

J\J*V = j!j*Wo D j!j*Wi D ■ ■ ■ D j!j*Wjv 3 j!j*Wjv+l = 0. 

By induction and the long exact sequence, it is enough to check that H^X, jd*Atk/j\j*yVk+i) = 
0 for i > 0. But since the functor j\j* is exact we have jd*'ddk/id*^k+i = j!j*(Wfc/Wfc+i). 
Now the result follows from Lemma [1.2.12^ 31. Q.E.D. 
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1.3 Valuation theory. 

In this subsection we remind some facts from the theory of valuations. Let V he a hnite 
dimensional real vector space, n = dim I/. Let K,{V) denote the class of all convex compact 
subsets of V. Equipped with the Hausdorff metric, the space /C(V) is a locally compact 
space. 

1.3.1 Definition, a) A function 0 : /C(V) —> C is called a valuation if for any Ki, K 2 G 
ICiy) such that their union is also convex one has 

U K2) = <P{K,) + (t>{K 2 ) - ct>{Ki n K2). 

b) A valuation (j) is called continuous if it is continuous with respect to the Hausdorff 
metric on JCiV). 

Let us denote by Val{V) the space of translation invariant continuous valuations on 
lC(y). Equipped with the topology of uniform convergence on compact subsets of JC{V) the 
space Val{y) becomes a Banach space (see e.g. Lemma A.4 in [2]). 

1.3.2 Definition. Let fc be a real number. A valuation 0 is called fc-homogeneous if for 
every convex compact set K and for every scalar A > 0 

0(AiL) = 

Let us denote by ValkiV) the space of fc-homogeneous translation invariant continuous 
valuations. 

1.3.3 Theorem (McMnllen [12]i. 


Ha/(H) = 0Ha4(H), 

fc =0 


where n = dim V. 

Note in particular that the degree of homogeneity is an integer between 0 and n = dim V. 
It is known that Val^iV) is one-dimensional and is spanned by the Euler characteristic y, 
and Valniy) is also one-dimensional and it is spanned by a Lebesgue measure jTU]. The 
space Valniy) is also denoted by | A IA*| (the space of complex valued Lebesgue measures 
on E). One has further decomposition with respect to parity: 

VahiV) = Vall^V) © Vaiyy), 

where Val^iV) is the subspace of even valuations (0 is called even if 0(—iL) = 0(iL) for 
every K G /C(E)), and Vaiyy) is the subspace of odd valuations (0 is called odd if 
0(—iL) = —0(iL) for every K G /C(E)). The Irreducibility Theorem is as follows. 

1.3.4 Theorem (Irreducibility Theorem [T]). The natural representation of the group 
GLy) on each space Val^y) and Vaiyy) is irreducible. 
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In this theorem, by the natural representation one means the action of g & GL{V) on 
0 G Val{y) as {g(j)){K) = (j){g~^K) for every K G K-iV). The subspace of smooth valuations 
with respect to this action in sense of Dehnition ll.l.ll is denoted by Val^’^iV). 

In jS] we have introduced the notion of a smooth valuation on a linear space V. Let 
us remind this notion. Let us denote by CV{V) the space of continuous valuations on V. 
Equipped with the topology of uniform convergence on compact subsets of JC{V), CViV) 
becomes a Frechet space. Let QV{V) denote the space of continuous valuations on V which 
satisfy the following additional property: the map given by iL i— (j){tK + x) is a continuous 
map JC(y) —> C'"'([0,1] X V). We call such valuations quasi-smooth. 

In the space QV{V) we have the natural linear topology dehned as follows. Fix a compact 
subset G (ZV. Dehne a seminorm on QV{V) 

M\g := sup{mtK + x)\\cr.i^o,i]xG)\K G ]C{V), K C G}. 

Note that the seminorm || • He is hnite. One easily checks the following claim. 

1.3.5 Claim. Equipped with the topology defined by this family of seminorms the space 
QViy) is a Frechet space. 

Note also that the natural representation of the group Aff{V) of affine transformations 
of V in the space QV{V) is continuous. We will denote by SV{V) the subspace of Aff{V)- 
smooth vectors in QV{V). It is a Frechet space. 

1.3.6 Definition. Elements of SV{V) are called smooth valuations on the linear space V. 

Let us remind notions of characteristic and normal cycle of a convex compact set K G 
ICiV). Clearly T*V = V xV*. Let K G Kiy). Let xeK. 

1.3.7 Definition. A tangent cone to iL at x is a set denoted by T^K which is equal to the 
closure of the set {y & V\3e > f) x + ey & K}. 

It is easy to see that T^K is a closed convex cone. 

1.3.8 Definition. A normal cone to iC at x is the set 

Nor^K := {y G V*\ y{x) > OVx G T^K}. 

Thus Nor^K is also a closed convex cone. 

1.3.9 Definition. Let K G IC{V). The characteristic cycle of K is the set 

GG{K) := U,e^iVor,,(iL). 

1.3.10 Remark. The notion of the characteristic cycle is not new. First an almost equivalent 
notion of normal cycle (see below) was introduced by Wintgen jTH] , and then studied further 
by Zahle m by the tools of geometric measure theory. Characteristic cycles of subanalytic 
sets of real analytic manifolds were introduced by Kashiwara (see nn, Chapter 9) using 
the tools of the sheaf theory, and independently by J. Fu jH] using rather different tools of 
geometric measure theory. Below we will remind an elementary dehnition of characteristic 
cycle of a differentiable subpolyhedron of a smooth manifold. This elementary approach will 
be sufficient for the purposes of this article. 




For a linear space W let us denote by P+(iy) the manifold of oriented lines in W passing 
through the origin. Similarly for a vector bundle E over a manifold X let us denote by 
P+(i?) the vector bundle over X whose hber over a point x G X is equal to P_|_(ii^a;) where 
Ex is the hber of E over X. 

It is easy to see that CC{K) is a closed n-dimensional subset of T*V = V xV* invariant 
with respect to the multiplication by non-negative numbers acting on the second factor. 
Sometimes we will also use the following notation. Let 0 denote the zero section of T*V, i.e. 
0 = Vx {0}. Set 


CC(K) ■= CC{K)\0, 

CC{K) := CC/R^n. 

Thus CC{K) C F+{T*V). Let us denote by N{K) the image of CC{K) under the involution 
on P_|_(T*I^) of the change of an orientation of a line. N{K) is called the normal cycle of K. 

In this article for a manifold Y we denote by := A^T*Y the vector bundle of /c-forms 
over Y. Usually it will be clear from the context which manifold is meant. 

Let us denote by 

p : T*V V 

the canonical projection. Let us denote by o the orientation bundle of V. Note that a 
choice of orientation on V induces canonically an orientation on CC{K) and N{K) for any 
K G IC{V). Let us denote by C^{T*V, fl” ® p*o) the space of C^-smooth sections of VE ®p*o 
over T*V such that the restriction of p to the support of this section is proper. 

1.3.11 Theorem ([3J). For any oj G 0 p*o) the map /C(U) —>• C given by 

K I—^ fcc(K)^ defines a continuous valuation on JC(y). 

1.3.12 Corollary. For any p G C^(P+(T*U), ®p*o) the map IC{V) —>• C given by 

K I—>• defines a continuous valuation on JCiV). 

We will also need the following statement. 

1.3.13 Theorem (|3D- The map IC{V) x (^^(U, |cuy|) © C'nP+(U*), 12”-^ ® p*o)) ^ C 
given by 

{K, {uj,p))^ uj+ p 
Jk Jn{k) 

is continuous. 

1.3.14 Corollary (|^, Corollary 5.1.7). (i) The map C^{V,\uJv\)®C^{F+{V*),il"‘~^®p*o) 

—>• CV(y) given by {uj,p) h->■ [iP i—a; + 7 ] is continuous. 

(a) For any compact set G C V the exists a larger compact set G C V and a constant 
G = G{G) such that for any (a;, p) G G^iy, |a;y|) © C^(P+(U*), © p*o) one has 

sup \ UJ+ hi < C'dl^llcPG) + Il7llci(p-1G))- 

KcG,KeK.{v) Jk Jn(k) 
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1.3.15 Proposition ([3J, Proposition 5.1.8). (i) For any 

the valuation [K ^ + f]y(K)h] smooth, i.e. belongs to SV{V). 

(a) The induced map 

C^{V, Icuy I) © C'°°(P+(P*), © p*o) SV{V) 


is continuous. 

1.3.16 Theorem ([3J, Theorem 5.2.2). The map 

C°^{V, Icuyl) © C'°°(P+(T*i/), ®p*o) SV{V) 


is onto. 

In we have defined a decreasing filtration W, by closed subspaces on SViV): 

SV{V) = 

Here 

d^ 

Wi := {0 e ^1/(1/)| ^c/)(tK + = OVk <i,VK e k:(V), Vx e V}. 

It is clear that Wi are y4//(l/)-invariant closed subspaces of SV{V). Obviously SV{V) = 
Wo D Wi D .... 

1.3.17 Proposition ([3J, Proposition 3.1.1.). 

Wn+l = 0 . 

1.3.18 Proposition (|3], Proposition 3.1.2). 110 coincides with the space of smooth 
densities on V . 


Let us denote by Val{TV) the (infinite dimensional) vector bundle over V whose fiber over 
a: G P is equal to the space of translation invariant GL(P)-smooth valuations on the tangent 
space T^V = V. Similarly we can define the vector bundle ValkiTV) of fc-homogeneous 
smooth translation invariant valuations. Clearly C°^{V,Valk{TV)) = C'^{V,Vall^{V)) 
where the last space denotes the space of infinitely smooth functions on V with values 
in the Frechet space VaFfF{V). 

1.3.19 Theorem ([3J, Proposition 3.1.5.). There exists a canonical isomorphism of 
Frechet spaces of the associated graded space gr-^SViV) ;= C°°{y, Val{TV)). 

Remind also the construction of this isomorphism. More precisely there is an isomorphism 


h : WjWi+^^C^{V,Vair{V)). 
The map J, is defined as follows. For 0 G IR, x E V, K E JC{V) 

(j){rK + x) 


{Ii(j)){x, K) := lim 
1—>-+0 


rpl 


( 1 ) 
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Now let us describe the filtration W, in terms of integration with respect to the charac¬ 
teristic cycle following [3]. Let us start with some general remarks. 

Let X be a smooth manifold. Let p ■. P —X be a smooth bundle. Let Q^{P) be the 
vector bundle over P of X-forms. Let us introduce a hltration of fl^{P) by vector subbundles 
Wi{P) as follows. For every y E P set 

{Wi{P))y :={ujE A^T;P| uj\f = 0 tor all F E Gr^iTyP) 

with dim(F fl Ty{p~^p{y))) > N — i). 


Clearly we have 

= Wo{P) D Wi{P) D ■ ■ ■ D Wn{P) 3 Wn+i{P) = 0. 

Let us discuss this hltration in greater detail following [3]. 

Let us make some elementary observations from linear algebra. Let L be a hnite 
dimensional vector space. Let P C L be a linear subspace. For a non-negative integer i set 

W{L,E)i := {a; G A^L*\uj\f = 0 for all F C L with dim(F n F) > N-i}. 


Clearly 


A^L* = W{L, F)o D W{L, F)i D ■ ■ ■ D W{L, E)n D W{L, E)n+i = 0. 

1.3.20 Lemma (|.3!|5 Lemma 5.2.3). There exists canonical isomorphism of vector spaces 

W{L, E)ifW{L, E)i+i = A^-^E* ® X(L/F)L 

Let us apply this construction in the context of integration with respect to the charac¬ 
teristic cycle. Let X be a smooth manifold of dimension n. Let P := T*X be the cotangent 
bundle. Let p : P —> X be the canonical projection. Let us denote by o the orientation 
bundle on X. The above construction gives a hltration of Q‘^{P) by subbundles 

n^{p) = WoiQ'^iP)) D ■ ■ ■ D Wn{n"{P)). 

Twisting this hltration by p*o we get a hltration of fl^{P) ® p*o by subbundles denoted by 
Wi{Tl'^{P) (gi p*o). 

Let us denote by C°°{P,Wi{Q^ p*o)) the space of inhnitely smooth sections of the 

bundle Wi{VP ®p*o) such that the restriction of the projection p to the support of these 
sections is proper. The next result is a trivial reformulation of Proposition 5.2.5 from j3]. 

1.3.21 Theorem. Consider the map S : C^{P,VP ®p*o) —>• SV{V) given by 

(SM)(X) = [ u;. 

JCC(K) 

This map is surjective, and moreover for every i = 0, 1,..., n the map S maps C°°{P, Wi{VP)® 
p*o) onto Wi surjectively. 
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2 Differentiable polyhedra, finitely additive measures, 
and smooth valuations. 

In Subsection o we discuss the notion of the differentiable polyhedron. In Subsection 12.21 
we discuss a combinatorial notion of hnitely additive measure on a family of sets which is not 
necessarily closed under hnite intersections and unions but satishes some other assumptions. 
In Subsection o we introduce a notion of hnitely additive measure on the class of simple 
differentiable subpolyhedra of a smooth manifold. Finally in Subsection 12.41 we introduce 
the main object of this article, namely the notion of a smooth valuation on a manifold. 

2.1 Differentiable polyhedra. 

We remind the dehnition and basic properties of differentiable polyhedra. The exposition in 
the beginning this subsection (up to Lemma [2.1.(111 follows very closely [S]. 

A convex angle in M” is a set dehned by hnitely many inequalities {x| <^i/,x>>0, 0< 
u < N}. Note that a convex angle is a convex cone in particular. We say that a convex 
angle C is of type r if it contains an r-dimensional linear subspace and does not contain 
linear subspaces of larger dimensions. 

Let F” be a compact connected topological space for which there has been given a covering 
by open subsets Qi and a homeomorphic mapping of each Qi onto an n-dimensional convex 
angle Q (which may be M""). F” is called an n-dimensional differentiable polyhedron if the 
maps are of class on the domain of their dehnition. 

A differentiable cell is, by dehnition, a diherentiable polyhedron which is diheomorphic 
of class C°° with a convex compact polyhedron in R”. 

Let F"" be a diherentiable polyhedron. For any point 2 ; G F" one dehnes the tangent 
space to F" at 2 ; in the obvious way. T^F'^ is a linear space. The (tangent) angle of 
at 2 ; is the subset of T^F'^ consisting of those v G T^P^ such that there exists a C'^-smooth 
map 7 : [0,1] —> P^ such that 7 ( 0 ) = z, 7 '( 0 ) = v. We will denote it by T^F”. It is clear 
that TzP^ is a convex angle in T^P^. 

If C is the tangent angle of F” at a point .2 then z has a neighborhood homeomorphic to 
C. If C is of type r then we say that z is of type r in F”. Points of type n in F” are called 
inner points of F"". Points of type at most r (where 0 < r < n) form a compact subset of 
F”. The set of inner points of F” will be called (relative) interior of F"^ and will be denoted 
by intP^. 

2.1.1 Definition. A regular differentiable subpolyhedron in F”, is the one-to-one image of 
a diherentiable polyhedron in F"^ provided that this map is of class C°° and its diherential 
is injective at every point. 

2.1.2 Definition. A hnite set of distinct regular subpolyhedra of F” form a subdivision 
V of F"^ if the following conditions are satished: 

(1) each point of F"' is an inner point of at least one in F; 

( 2 ) if Q'^p and Q^. in F are such that there is an inner point of contained in then 
c Ql. 
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/^From condition (2) it follows that no two differentiable polyhedra in V can have an 
inner point in common unless they coincide. 

The following result was proved in jH], Lemma 7. 

2.1.3 Lemma. If is a differentiable polyhedron in a subdivision V of P'^, all inner points 
of have the same type in P'^. 

2.1.4 Lemma. Let V be a subdivision of P^. Let A and B be two subsets of P"^ which are 
unions of finitely many elements of the subdivision V. Then Af\B is also a union of finitely 
many elements ofT>. 

Proof. It is enough to prove the lemma under the assumption that A and B are elements 
of T>. Assume that z & A D B. Then there is a unique cell Pf ^ V such that belongs 
to its interior. Then by part (2) of Defiuitiou 12.1.21 Pf C A and similarly Pf C B. Hence 
Pf C An B. The result follows. Q.E.D. 

2.1.5 Definition. A subdivision T>' of P” is called a refinement of a subdivision V of P” if 
for any differentiable polyhedron Pf in P all differentiable polyhedra of P' contained in Pf 
form a subdivision of P{. 

Lemma 12.1.31 implies that if a differentiable polyhedron , in a subdivision P of P"^, 
contains at least one inner point of P"^ then all inner points of are inner points of P^; 
is called an inner polyhedron of the subdivision P. 

2.1.6 Lemma ([S], Lemma 8). Let T> be a subdivision of P^ and let z be any point of P^. 
Then the tangent angles at z of those differentiable polyhedra in P which contain z form a 
subdivision of the tangent angle of P^ at z. Moreover the inner angles (i.e. those of maximal 
dimension) in the latter subdivision are the angles of the inner polyhedra in P which contain 

z. 


A differentiable cell is a differentiable polyhedron diffeomorphic to a convex compact 
polytope. We now dehne a cellular subdivision of a differentiable polyhedron P” as a subdi¬ 
vision P, every polyhedron in which is a differentiable cell. 

2.1.7 Definition. (1) A differentiable polyhedron P” is called simple if every point z G P^ 
has a neighborhood diffeomorphic to M'" x M>o^ for some 0 < r < n. 

(2) A subdivision P of a differentiable polyhedron P” is called simple if any element of 
P is simple. 

(3) A triangulation of a differentiable polyhedron P” is a subdivision every element of 
which is diffeomorphic to a simplex. 

The following result is well known. 

2.1.8 Proposition. Every simple polyhedron admits a triangulation. 

2.1.9 Definition. Let P = {Pa} and P' = {Pf} be two subdivisions of a differentiable 
polyhedron P. We say that P and P' are transversal to each other if for any Pa G P, any 
Pf G P', and any x G Pa H P^ the maximal linear subspaces contained in the cones T^Pa and 
TxPf intersect transversally. 
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2.1.10 Lemma. Let and be two regular differentiable subpolyhedra of a smooth 
n-manifold M. Assume that for any x G X^^^ the maximal linear subspaces contained 

in the cones and intersect transversally. Then X^^) fl X*^^) is a differentiable 

polyhedron. Moreover if X^^'> and X*^^) are simple then X*^^) fl X*^^) is also simple. 

Proof. Fix X G X*^^) fl X^^^. Let x has type pi in X*^^) and type p 2 in Then there 

exist C“-smooth real valued functions fi’^\ ..., k = 1,2, such that 

(1) for fc = 1, 2 for each j > n — p^ the function is a linear combination with constant 

coefficients of //^^’s with I < n — pk] 

(2) in a neighborhood of x 


X(fc) = {/W>0|l<j<iVfc}; 

(3) d/f ■ ■ ■, df^^lp^lx, dfPlx ,..., dfj^lpj^ are linearly independent. 

Let q := n — {{n — p\) + {n — P 2 )). Let us choose C“-smooth functions gi,... ^Qq such 


that 




( 1 ) 


d2)| 


n—p\ \X'^ 


/Q\ 

dQi\x', • • • 5 djQ, 


q\x 


form a basis of T^M. Then the sequence of functions 


fW fW . /‘(2) r(2) _ 

J 1 ? • • • ? J n—pi ) J 1 ? • • • ? J TL—p2 "> ? • • • ? Uq 


form a coordinate system in a neighborhood of x. It is clear that in this coordinate system 
X^^\ X^‘^\ XXi nX^^^ are defined by finite systems of linear inequalities, and hence they are 
convex angles. The last part of the lemma also follows. Q.E.D. 

2.1.11 Proposition. Let T> = {Pa} find V = {P^} be two transversal subdivisions of a 
polyhedron P. Let VnV := (Pa fl P^I Pa G P, P,^ G V'}. Then VnV is also a subdivision 
of P. Moreover it refines both V and V. 

To prove this proposition we need first of all the following lemma. 

2.1.12 Lemma. Let M be a smooth manifold. Let P and Q be two regular differentiable 
subpolyhedra of M. Assume that for any x G P fl Q the maximal linear subspaces contained 
in the cones T^P and T^Q intersect transversally. Then int{P (1 Q) = intP fl intQ. 

Proof. By T^emma l2.1 .1 01 P fl Q is a differentiable polyhedron. Fix 4 G P fl Q. Let z 
has type p in P and type g in Q. Consider the tangent space ffM to M at z and tangent 
angles Pi and Qi to P and Q respectively at 4 . Then Pi, Qi C TzM are convex angles. Pi 
contains a p-dimensional linear subspace A such that the image of Pi in T^M/A is a cornered 
convex angle (i.e. it does not contain any non-zero linear subspace). Similarly Qi contains a 
g-dimensional linear subspace B such that the image of Qi in T^M/B is a cornered convex 
angle. It follows from the assumptions of the lemma that A and B are transversal to each 
other. Put C ■.= AA B. Choose A' a complement of C in ^4, and B' a complement of C in 
B. Then there exist cornered convex angles R <Z B' and S <Z A' such that 


P^=AxR = CxA'xR, Qi = BxS = CxSxB'. 
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Then Pi flQi = C x S x R. This is also a convex angle and mt(Pi flQi) = C x intS x intR = 
intPi n intQi- It is easy to see that in a small neighborhood of z the polyhedron P fl Q is 
diffeomorphic to Pi fl Qi. This implies the lemma. Q.E.D. 

Proof of Proposition 12.1.111 Now let us check that P fl P' is indeed a subdivision of P. 
Fix any z & P. Then by Lemma 2.1.12 there exits P\ &T> and P^ G P' such that ^ G intP\ 
and G intP^. Hence ^ G intPx H intP[, = int{Px H P^). 

It remains to check condition (2) of Dehnition 12.1.21 Assume that 2 ; G int{Px H P^) = 
intPx n intPl, and 2 ; G P^ fl P/. Then it follows that Pa C Pg and P^ C P/. Hence 
PAHP'cP.nP/. Q.E.D. 

2.1.13 Definition. Let P be a subdivision of a differentiable polyhedron P. Let {Uq} be an 
open covering of P. We say that P is subordinate to {Uq} if any element of P is contained 
in at least one element of the covering {Uq}. 

2.1.14 Lemma. Let V be a cellular subdivision of a differentiable polyhedron P . Let {Uq} 
be an open covering of P. Then there exists a refinement T>' of P which is a triangulation 
of P and subordinate to {Uq}. 

Proof. Assume that we have constructed a triangulation of each element of P of di¬ 
mension less than r subordinate to {Uq}. Let us hx a cell Q G P of dimension r and let 
us construct its subdivision which extends the subdivision of the boundary of Q obtained 
previously and which is subordinate to {Uq}. Let us hx a point x G intQ. For any cell R 
contained in the boundary of Q and belonging to the subdivision constructed previously, let 
us consider the cone over R with vertex at x. All such cones form a subdivision of Q. 

Now we are reduced to the following situation. Given a convex compact polytope S of 
dimension r and given its (r — l)-dimensional face P C S' which is a simplex. Given an open 
covering {Uq} of S such that P is contained in at least one of the elements of the covering. 
We have to hnd a triangulation of S subordinate to {Uq} such that F is one of the elements 
of this subdivision. But this problem in the affine space can be solved easily. Q.E.D. 

2.1.15 Lemma. Every differentiable polyhedron can be regularly imbedded into a smooth 
compact manifold. 

Proof. We can choose a hnite open covering {Ua}^^i of P, open sets {Va}^^i such that 
Uq C Vq, and there exist diffeomorphisms 0^ of Ua onto a convex angle in M"". Let lf,...,l{} 
be the corresponding coordinate functions on Vq. Let us choose a smooth partition of unity 
{0a} such that 0a = 1 on Uq, supp^fia) C Vq, and = 1. Then the collection of 

functions {0a^a} dehnes an immersion of P into Indeed let us hx xq G P. There exists 
ao such that Xq G Pao- Then for any x G Pao 




hence the functions {0ao^ao} dehne an imbedding of Pqq to R^. Hence all the functions 
{0a/^} dehne an imbedding of Pq^ to R"^. Thus the functions {0a^^} dehne an immersion 
of P to R'^^. 

Now let us assume that we have an immersion / : P —^ R^. Let us construct an imbed¬ 
ding g.P —R^ . Note that the hbers of / are discrete sets. Since the space P is compact 
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the cardinality of fibers of / is uniformly bounded. Fix a point G lying in the image 
of /. Let f~^{yo) = , Xk} C P. One can choose a smooth function Qy^'- P —> M such 

that 

ayoi^i) ^ 9yo{^j) for i ^ j. 

It is clear that there exists a neighborhood O of yo such that for any y & O the function 
gyfj takes different values on points from f~^{y). Choosing a hnite covering {Oy} of Imf by 
such subsets we construct smooth functions such that for each P = k, gy: P 

—>• M, and for any y G Imf there exists 7 = 1,..., A; such that g^ takes different values on 
points from f~^{y). 

Consider the map 

g := {f,g,,..., g,): P ^ x = R^^K 

Obviously this map is an imbedding. Since can be imbedded as an open subset into 

the sphere the result follows. Q.E.D. 

2.1.16 Proposition. Let M he a compact smooth manifold. Let P <Z M be a differentiable 
polyhedron. Let V be a subdivision of P. Let T be a subdivision of M. Then the set of 

-diffeomorphisms f of M such that for each Tx E T its image f(Tx) is transversal to 
each Pi, G V, is open and dense in the group Dif f{M) of all -diffeomorphisms of M. 

Proof. The openness is obvious. Let us prove the density. Clearly it is enough to prove 
that in any neighborhood of the identity diffeomorphism of M there is a transformation 
we need. Let n := dimM. We can choose a hnite open covering of M such that 

there exist open subsets such that f/j C and there exist diffeomorphisms /j : Vi 

—>■ where denotes the unit ball in R”. Let ...,/” be the corresponding coordinate 
functionals on Vi. Let us hx a partition of unity such that 0* = 1 on t/*, supp^fi) C Vi, 

and (fi = 1. Then for small enough real numbers Oij the map x ^ x + Jf-j aijfip is a 
globally dehned diffeomorphism of M. Let A C R”^ be a small neighborhood of 0 in the 
space of parameters {a^}. Thus we get a map 

E: Ax M ^ M. 

Let us hx T;^ G T and G P. It is clear that if we restrict S to A x we get a submersion 

E' : Ax Tx^ M. 

In particular E' is transversal to P^,. Then by Theorem 10.3.3 of [B] for a from a dense subset 
of A the map 

=1 := S'(o, ■)-.Ty^M 

is transversal to Py. (Though in jHj this is proved under assumption that Tx, Py are closed 
submanifolds, but the same proof works when Tx and Py are diherentiable subpolyhedra.) 

Q.E.D. 

2.1.17 Proposition. Let P be a differentiable polyhedron. Let {Pa} he an open covering 
of P. Let T> be a simple subdivision of P. Then there exists a refinement V of P which is 
simple and subordinate to {Pq}. 
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Proof. Using Lemma 12.1.151 let us imbed P into a smooth compact manifold M. Let 
Ua be an open subset of M such that Ua r\ P = Ua- Consider the open covering of M by 
{Ua} U {M\P}. Since any smooth manifold admits a triangulation, by Lemma 12.1.141 we 
can choose a triangulation T of M subordinate to this covering. By Proposition I2.1.1bl we 
can choose a generic diffeomorphism of M close to the identity so that the image of T is 
transversal to P. We may assume that it is T itself. Choosing V ■.= V n T and applying 
Lemma [ 2 . 1.101 and Proposition 12.1.111 we prove the proposition. Q.E.D. 

2.1.18 Proposition. Let P he a differentiable polyhedron. LetVi andV 2 be two subdivisions 
of P. Then there exist subdivisions P 3 , V', V of P such that 

( 1 ) V is a refinement of Pi and P 3 ; 

(2) P” is a refinement ofP 2 and P 3 . 

Moreover if Pi and P 2 are simple then P^, P', and P" can also he chosen simple. 

Proof. Using Lemma F2.1.15l let us £x an imbedding of P into a compact smooth manifold 
M. Fix any triangulation T of M. Let P 3 be the image of T under a generic diffeomorphism 
of M (we use Proposition 12.l.lHll . Then P^ is transversal to Pi and P 2 ■ Now let us define 
P' := Pi n P 3 , P” := P 2 n P 3 . The result now follows from Lemma 1!^. 1.101 and Proposition 
12.1.111 Q.E.D. 

2.1.19 Definition. Let P he a. subdivision of P^. Assume that a subset X C P"' admits a 
presentation as a union X = Uj^iP\. where Px. G P. We say that this presentation of X is 
reduced if no one of the polyhedra in this union is contained in another, i.e. Px^ Pxj for 

2.1.20 Lemma. Let us assume that a subset X C P" has two reduced decompositions 

X = A U (UjPaQ = A u (U^g,,) 

where A E P is a polytope of type r and Pxj, Qui are polytopes of type at most r. Then 

u,Pa, = u^g,,. 

Proof. Set B := UjPx^, C := UiQui- By symmetry it is enough to prove that B <Z C. 
Let z E B, say z E Pxi- If z ^ A then z E C. Let us assume now that z E A. By assumption 
Pai ^ A. Fix any point w from the interior of Pa^. Then w ^ A. Hence w E C. Hence 
Pai C C. In particular z E C. Q.E.D. 

2.1.21 Corollary. Let P be a subdivision of P"^. Let X C P” be a subset presentable as a 
union of some elements ofP. Then X admits a reduced decomposition, and it is unique. 

Proof. The existence of a reduced decomposition is obvious. Let us prove the uniqueness. 
Let us denote by r := dimX. Assume that we have two reduced decompositions of X\ 

X = (2) 

Take some B^^ of dimension r. Fix any interior point ^ of B^^. Then z G Aa^ for some 
\q. Hence By^ C Aa,. Since Aa^ has dimension at most r we conclude that By^ = Aa^. 
By Lemma 12 . 1.201 we can omit By = Aa from the second equality in Q . Continuing this 
process we prove the statement. Q.E.D. 
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2.2 Finitely additive measures. 

In this subsection we will discuss a combinatorial notion of finitely additive measure on a 
family of sets which is not necessarily closed under hnite intersections and unions but satishes 
some other assumptions. 

2.2.1 Definition. Let 5 be a family of sets which is closed under finite unions and hnite 
intersections. A functional S —> C is called a finitely additive measure if for any A,BeS 
one has 

fi{A U B) = fi{A) + fJ,{B) — fi{A n B). 

It is easy to see by induction that hnitely additive measures satisfy a stronger inclusion- 
exclusion property. Namely for any Ai,..., G 5 one has 

fiiuuAi) = (-i)'''+V(ae/A,). 

Let V = {Aa}aga be a hnite family of subsets of some set. Assume that we are given a 
decomposition of the set of indices A into a disjoint union 

A = AoJjAiJJ ]JA„ 

For r = 0, 1, • • •, ^ let us call sets Aa with X E Ar the sets of type r. Set A<r ■= Ll^=o^i- Let 
A be a hnite union of some of elements of V. Let us call a presentation X = U^^^Aa^ , Xj G A 
reduced if no set Aa. in this presentation is contained in the other one. 

Let us make the following assumptions on TX: 

(1) for any sets Aaj and Aaj from V of types ri and r 2 respectively, their intersection 
Aai n Aa 2 is a hnite union of sets from V of types at most min{ri, r 2 }; 

( 2 ) if for Ai 7 ^ A 2 the sets Aaj and Aaj are of the same type r then Aaj fl Ax^ is a hnite 
union of sets from TX of types strictly less than r; 

(3) For every set X as above, a reduced decomposition is unique. 

Let us denote by T the family of all hnite unions of subsets from TX. Then clearly under 
the above assumptions T is closed under hnite unions and hnite intersections. 

Assume we are given a function m : A —>■ C. Then we have 

2.2.2 Lemma. Under the above assumptions there exists unique finitely additive measure jx 
onT (in the sense of Deftnition 1^. 2. 7|) such that for any A G A 

IJ,{Ax) = m(A). 

Proof. Let us denote by %• the family of all hnite unions of subsets from TX of types at 
most r. Then clearly %. is closed under hnite unions and hnite intersections. Moreover we 
have: 

To C Ti C ■ ■ ■ C = T. 

The construction of the measure /i on Tj. will be by induction on r. First let r = 0. For 
any Ai, A 2 G Aq, Ai 7 ^ A 2 we have Aaj fl Aaj = 0. Hence any set X from % has the form 
^ = aIa.U-U Aa^ where all Xj G Aq and are distinct. Then there is only one way to 
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define /x on TJj, namely /i(X) = Clearly we get a well defined measure fi on 

To. 

Assume we have constructed uniquely defined finitely additive measure fi on 7^_i. Let 
us extend it to %. and prove uniqueness of this extension. Let X E %■. Then X has a 
(non-unique) presentation X = where Xj G A<r and all Ax. are pairwise distinct. 

The only way to dehne fi{X) is 

S 

MA'):=^m(A,,)+ ^ (-l)l'l+V(n,«/l,,). (3) 

i=i ic{h...,s},\i\>i 

Note that in this formula the second sum is defined by the assumption of induction. We 
have to prove that fi is well defined on % and that it is indeed a finitely additive measure. 

Let us check first that fi is well defined. Let X It is sufficient to show that for any 
decomposition of a set X E% the expression dBD gives the same value for fi as for the reduced 
decomposition (which is unique by the assumptions on V). Assume that a decomposition 
X = is not reduced, say Ax^ D Ax^- Then we have: 

/C{3 ,...,s},/7^0 IC{3,...,s} 

(-1)'''+' n {n,^iAx,)) - fi{Ax, n Aa, n (n.^^AA.))]. 

/C{3,...,s} 

The last sum clearly vanishes. Hence we see that the set Ax^ can be omitted. We can 
continue this procedure till we get a reduced decomposition of X. This proves that fi is well 
defined on %. 

It remains to check that fi is indeed a finitely additive measure on %. Since % is closed 
under finite unions and hnite intersections it is sufficient to check that for any two sets 
X,Y eTr one has fi{X U F) = fi{X) + /x(F) - fi{X n F). Let X = U^^iAa^., F = 

Let us prove the statement by the induction in s. 

Let us assume that s = 1. Thus X = Aa^. First let us check that 

M.’fnK)= ^ (-i)i'i+y.Yn(n,yB„.)). (4) 

We have 

xnF = u^(AAinH,J, 

X n = Hi^iiAx, H 

If Aai 7 ^ Hi/, for any I, then the type of Aa^ fl is strictly less than r, and (jH) follows by 
the additivity of fi on %._i. Assume now that Aa^ = By^. Then /x(X fl F) = fi{By^). Also 
the right hand side in (jH) is equal to 

fi{By,) + (-1)1^1+! (/i(X n (nie.Hi/J) - fi{X n By, n (aerHi/J)) = fi{By,). 

/c{2,...,q,/70 
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This proves 0. 

Next we have 

^iiX UY) = (UUM) = 

(-i)'''+V(ae/S,J + h(^Aj + (-1)I"I+V(^A1 n = 

p(F)+p(X)-p(XnF). 

Let us assume that s > 1. Then let us present X = F U G where F and G can be 
presented as a union of a smaller number than s of elements of V. Then by the assumption 
of induction we have 

p(x u y) = /i(F u (G u y)) = p(F) + p(G u y) - /i(F n (g u y)) = 

p(F) + (p(G) + p(y) - p(G n y)) - (/i(F n g) + p(F n y) - /i(F n G n y)) = 

/i(F u G) + /i(y) - p((F u G) n y) = p(x) + p(y) - /i(x n y). 

Thus /i is indeed a finitely additive measure. Q.E.D. 

2.3 The sheaf of finitely additive measures. 

Let X be a smooth manifold (of class G°°). Let V{X) denote the family of all simple regular 
subpolyhedra of X in sense of Definitions l2.1 .l| and 12.1 .Ti l ). Let n = dimX. 

2.3.1 Definition. A hnitely additive measure p on V{X) is a functional 

p : V{X) C 

which satishes the following property. Fix any P G V{X) and any simple subdivision 
V = {Fa}agA of P. Dehne a function m : A —> C by m(A) := For r = 0,... ,r 

let Aj, := {A G A| dim Pa = r}. Then clearly A = Aq fj Ai fj ■ ■ ■ fj A^. The assumptions 
(l)-(3) before Lemma 2.2.2 are satished. Let T denote the family of all subsets representable 
as hnite unions of elements of V. Clearly T is a hnite family closed under (hnite) unions 
and intersections, and P ^ T. Let /i' denote the hnitely additive measure on T which is 
constructed from m as in Lemma 12.2.21 Then we call p to be a hnitely additive measure on 
V{X) if p(P) = fi'{P) for any P and any subdivision V of it. 

The linear space of all hnitely additive measures on V{X) we will denote by A4{X). Now 
let us consider a presheaf AAx of vector spaces on X dehned as follows. For any open subset 
P C X set 

Mx(U) :=M(U) 

with the obvious maps of restriction. 

2.3.2 Proposition. The presheaf Aix is a sheaf. 
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Proof. Let U be any open snbset of X. Let {Ua\ be any open covering of U. We have 
to check the following two conditions: 

( 1 ) if p G A4x{U) is snch that = 0 for any a then /r = 0 ; 

( 2 ) if we are given /Xq, G A4x{,Ua) snch that 

fJ^a\uo,nUf 3 = Vo, j3 

then there exists fi G A4x{U) snch that 

l-^lua = I^Q for all a. 

First let ns check the condition (1). Let P G ViU). By Proposition 12 . 1 . l7l we can choose 
a simple snbdivision P = {Px} of P snbordinate to {Ua}- Then one has 

E (-i)'''*V(n,«-P,) = o. 

IcA,I^<D 

Let ns check condition (2). Let P G V{U). Let ns choose any snbdivision V = {Pa} of 
P snbordinate to the covering {Ua}- Let ns define a fnnction 

m : A —> C 

as follows. Let A G A. Choose Ua snch that Pa C Ua- Define m(A) := fia{P\)- Clearly m is 
well defined. By T;emma [ 2 . 2.21 we can define a nnmber /ip(P) nsing this snbdivision P. 

2.3.3 Claim. The value /in(P) does not depend on the choice of a subdivision V of P. 

This valne will be denoted by /i(P). Let ns prove Claim 1^3.31 Let Pi and P 2 be two 
simple snbdivisions snbordinate to the covering {Ua}- By Proposition 12.1.1^ we can choose 
simple snbdivisions P3, P', P" snch that P' is a refinement of Pi and P3, and P" is a 
refinement of P2 and P3. 

Thns in order to check that fi is well defined it remains to check that if P' is a refinement 
of P then 

Ap(P) = Tv'iP)- 

Bnt this statement follows immediately from the nniqneness in Lemma 12 .2.21 

To finish the proof of Proposition 12.3.21 it remains to prove that fi is indeed a finitely 
additive measnre. Let P G V{U)- Let P be any simple snbdivision of P. Let P' be a simple 
refinement of P snbordinate to {Ua}- Then define m : A —>■ C by m(A) = fi{P\)- The resnlt 
follows from Lemma 12.2.21 Q.E.D. 

2.4 Smooth valuations. 

In this snbsection we introdnce the main object of this article, namely smooth valnations. 

Let X be a smooth manifold of dimension n. Let P G V{X). For any point x G P let ns 
define the tangent cone to P at x, denoted by T^P, the set 

T^P := G TxX\ there exists a. — map 7 : [0,1] —> P snch that 7 ( 0 ) = x and 7 ^( 0 ) = ^}. (5) 

It is easy to see that T^P coincides with the usnal tangent space if x is an interior point of 
P. In general T^P C T^X is a closed polyhedral cone. 


21 
















2.4.1 Definition. The characteristic cycle of P is defined by 

CC{P) := (6) 

where for a convex cone C in a linear space W one denotes by C° the dual cone 

C° := {y e W*\ y{x) > 0 for any x G C}. 

Then CC{P) is an n-dimensional subset of T*X. It is invariant under the the group M>o 
of positive real numbers acting on T*X by the multiplication of cotangent vectors. Moreover 
it is a Lagrangian submanifold with singularities. Note that when X is oriented the smooth 
part of CC{P) carries an induced orientation; then it is a cycle, i.e. d{CC{P)) = 0. 

2.4.2 Definition. The normal cycle N{P) of P is defined by 

N{P) := {a{CC{P))\{0})/R^o (7) 

where a: T*X —> T*X is the natural involution of multiplication by —1 each cotangent 
vector, 0 denotes the zero section of T*X, and the quotient is taken with respect to the 
natural action of the group M>o mentioned above. 

Thus N{P) C P+(T*X) is {n — l)-dimensional submanifold with singularities. An orien¬ 
tation of X induces an orientation of N{P)] then it is a cycle. For some references on the 
notions of the normal and characteristic cycles see Remark |l.d.l()l 

Let /r be a finitely additive measure on X in sense of Definition I2.d.ll 

2.4.3 Definition. A measure /i is called continuous valuation if for any sequence of sets 
{Pat} C V{X) which is contained in a compact subset of X and such that supjy voI{N{Pn)) < 
oo, and a subset P G V{X) such that 

CC{Pn) CC{P) 

in sense of currents, one has fi{PN) —> /^(P)- 

2.4.4 Remark. (1) Remind that the convergence in sense of currents means that for any 

uj G C°°(T*X, ® p*o) such that the restriction of the projection p to the support of lv is 

proper, one has 

JcC(Pn) Jcc(p) 

(2) The convergence used in Definition 12.4.31 is equivalent to the fiat convergence of 
currents, see [7j. The equivalence is proved in cni, Theorem 31.2. 

For any open subset P C X let us denote by C{U) the space of continuous valuations on 
U. Clearly the correspondence U C{U) is a sub-presheaf of Aix- It will be denoted by 
C-x- 

We would like to formulate a conjecture. 

2.4.5 Conjecture. The presheaf Cx is a sheaf. 
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Let us denote by /C(M"') the family of convex compact subsets of M". 

2.4.6 Definition. A measure p is called smooth valuation if every point x E X has a 

neighborhood U 3 x and a diffeomorphism 0 : such that the restriction of to 

'P(M”')n/C(R”') extends by continuity in the Hausdorff metric to (clearly this extension 

is unique if it exists) and this extension belongs to (see Subsection II.dl) . 

For any open subset U C X let us denote by V°°{U) the set of smooth valuations. 

2.4.7 Lemma. Let V be an affine n-dimensional space. Let fi G C{V). Assume that ffiP) = 
0 for any convex polytope P. Then p = 0. 

Proof. Since by Proposition 12.1.^ anv P G ViV) admits a triangulation, it is enough 
to show that p vanishes on any smoothly imbedded simplex T. Let T = /(A) where A 
be the standard n-dimensional simplex in ML, and / is a diffeomorphism of a neighborhood 
of A onto an open subset in V. (The case of lower dimensional simplices in reduced to 
n-dimensional case by approximation.) Let he & sequence of convex compact subsets of 
M^ with smooth boundary which converges to A in the Hausdorff metric. Then CC{Km) 
—>• CC(A), and sup]^ voI^N^Kn)) < oo (this fact is known for a long time, see e.g. the end 
of Section 1 in M. Zahle [201 where this fact was stated without proof; for a proof we refer to 
jlj due to the lack of original reference). Set A]\f := /{Kn). Then CC{An) —^ CC{T) and 
sup^ noZ(A(AAr)) < cxo. Hence it is enough to show that ffiAj^) = 0. Thus if one shows that 
for any compact domain B with smooth boundary there exists a sequence of subsets {Hjv} 
presentable as a hnite union of convex polytopes such that this sequence is contained in a 
compact subset, CC^Bn) have uniformly bounded volume, and CC{Bn) — CC{B), then 
it follows that p(Ajv) = 0. In this form this result is proved in jl]; however the main step in 
the proof showing convergence of the normal cycles (instead of the characteristic cycles) is 
due to M. Zahle [20] • The result follows. Q.E.D. 

2.4.8 Lemma. Let X be a smooth manifold. 

(i) Let V G C“(A, |a;x|), 7 G C“(P+(T*A), ®p*o). Then P i/{P) + 7 

defines a smooth valuation on X. 

(a) Let p, G V°°{X). Let x E X. Then there exists a neighborhood U of x, u E 
C°°{U, \ujx\), V e C'“(P+(T*t/), ® ou) such that for any P E V{U) one has 

p{P) = z/(P) + [ p. 

Jn{p) 

Proof. Part (i) follows from Proposition II.d.lHl 

Part (ii) immediately follows from Lemma f2 .4. 71 and Theorem I l.d. 161 Q.E.D. 

2.4.9 Corollary. For any open subset U G X the set of smooth valuations V°°{U) is a 
linear subspace of AixiU). 

Proof. This immediately follows from Lemma IT4.81 Q.E.D. 

2.4.10 Theorem. The correspondence U i—>■ V°^{U) is a subsheaf of C-vector spaces of the 
sheaf M-x- 
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This subsheaf will be denoted by V“. 

Proof of Theorem l2.4.1()l By Corollarv l2.4.9l l/°°fr/i is a C-linear subspace of M.x{U)- 
It immediately follows from Lemma P2.4.8l that is a presheaf. Since the definition of V°°{U) 
is local, the sheaf property of is satisfied automatically. Q.E.D. 

Further properties of smooth valuations will be studied in the next section. Now we will 
remind the following well known lemma (see p.234 in H; compare with Theorem 1.8.8 of 

m)- 

2.4.11 Lemma. Let us fix a Euclidean metric on an affine space V. Let {K^} be a sequence 
in JC{V) converging in the Hausdorff metric to K E Kfifi/). Let A G Kfifi/). Then for almost 
all isometries g of V one has 


Kx n {gA) ^Kn {gA) 


in the Hausdorff metric. 

2.4.12 Proposition. Let V be a linear space. 

(i) The restriction map 

C{V) CViV) 

is injective. 

(a) Under the above imbedding the image ofV°°(y) is equal to SViV). 

Proof. Part (i) follows immediately from Lemma [2.4.71 

Let us prove part (ii). First observe that Theorem 11 .,3.1 61 and T^emma 12.4.81 1 ) imply 
immediately that SV{V) is contained in the image of V°^{y). To prove the opposite inclusion 
let us fix a Fuclidean metric on V and fix 0 G V°°(V). Let {Ua} be an open covering of V 
such that, as in Lemma f2.4.8f iiL for any a and any P G 

(j){P) = uffiP) + [ ?7o 

Jn{p) 

where Va £ C°°{Ua, |n;a|), rja £ C°°{¥+{T*Ua),Ll^~^ ®p*o). 

Let Kq G IC{V), to G [0,1], Xo G V. Assume first that there exists Oq such that Ko + to + 
Xq C f/ap. Then there exist neighborhoods Oi C [0,1] of to and O 2 gV oi Xo such that for 
any f G (Pi and any x G (P 2 one has 


Ko + f + X C Loq. 

Then the function [(t,x) 1 —*• 4>{tKo + x)] is infinitely smooth in Oi x O 2 by Proposition 

imii). 

Now an arbitrary Kq G KAfV) can be represented as a finite union of convex compact 
sets Ko = such that for each I = 1 ,... ,s the set Ki + to + xq is contained in some 

element of the covering {Ua}. The inclusion-exclusion property and the above case imply 
the smoothness of the function [{t, x) h->• fiitK + x)] where (f, x) G [0,1] x V. 

Thus it remains to show that the map JCiV) —> (7“([0,1] x V) given by iP h->■ [(t,x) h->• 
(j){tK + x)] is continuous. Let us fix a lattice L G V. Let Q he a. unit parallelepiped for L. 
It is easy to see that if £ > 0 is small enough, then for any x E eL the set K D {x + eQ) is 
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contained in one of the elements of the covering {Ua\- Also we have K = £eL{.Kr\{x+eQ)). 

Replacing L by its image under generic isometry of V close to the identity and using Lemma 
rrrm we may assume that for any x E eL 

Kn n (x + eQ) —> K n {x + sQ) 

and similar convergence holds for hnite intersections of the above sets. Now the result follows 
from Proposition II .d.lt^ ii. Q.E.D. 

3 Further properties of smooth valuations. 

In Subsection o we introduce and study the hltration W, on smooth valuations; in Propo¬ 
sition Id.l.hl we obtain a description of smooth valuations in terms of the integration with 
respect to the characteristic cycle. In Subsection Id. 21 we dehne the natural structure of Frechet 
space on the space of smooth valuations. In Subsection Id.dl we introduce the Euler-Verdier 
involution on smooth valuations. 

3.1 Filtration on smooth valuations. 

3.1.1 Definition. Let 0 < z < n. Let U be an open subset of a manifold X. Let us denote 

by the subset of consisting of all elements 0 G V^(f/) such that for every 

point X E U there exists a neighborhood V and a diffeomorphism / : such that the 

image of in belongs to Wi (see Subsection ll.3|l . 

3.1.2 Proposition, (i) For any Q < i < n and for any open subset U <Z X, }Vi{U) is a 
vector subspace ofVx{U). 

(ii) The correspondence U Wj(17) is a subsheaf of Vx ■ 

Proof. Let us £x an open subset V <ZU and a diffeomorphism / : U^MT. By Theorem 
11.3.211 and Lemma [2.4.71 anv valuation (fonV such that /*(/> lies in WiiV) has the following 
form: there exists 7 ] E C°°{T*U, Wi(T*U) ®p*o) such that 

•t>(P) = f V- 

JCC(P) 

Obviously the set of valuations having the above form is a vector subspace of Vxiy)- This 
proves part (i) of the proposition. 

The same reasoning implies that U h-^ Wi(f/) is a sub-presheaf of Cx- Since the dehnition 
of Wj is local, it is a sheaf. Q.E.D. 

Remind that by Proposition 12.4.121 we have the identihcation VyiV) = SViV). Using 
this identihcation we have the following proposition. 

3.1.3 Proposition. Let V be a linear space. Then WiiV) = Wi. 

Proof. It is clear from the dehnition that Wi C Wj(U). Let us prove that Wi(U) C Wi. 
Let (j) E Wiiy). Fix K E /C(U), x E V. There exists a neighborhood lA oi x and a 
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diffeomorphism /: such that /*0 G hhi(M"'). By Theorem II .d. 211 there exists rj G 

C^{T*W^, Wiiyt'^ 0 p*o)) such that for any A G /C(M"') one has 

(/*0)(A) = f rj. (8) 

JCC{A) 

By Proposition 12.4. it the formula (jHI) still holds for any A G Hence for 0 < f -C 1 

one has 

ct){tK + x) = [ f*r] 

JcC{tK+x) 

where / is the natural lift of / to T*U. Set oj := f*7] G C°°{T*h(, Wi{QA 0 p*o)). Theorem 
11.8.211 implies that 

[ a; = 0(f). 

JcC{tK+x) 

Hence 0 G Wi. Q.E.D. 

Let us introduce more notation. Let us consider the following sheaf on X : 

WiiU) := C^{T*U,W,{^r0p*o)),i = Q,...,n. (9) 

Integration with respect to the normal cycle dehnes the following morphism of sheaves which, 
by Theorem 11.8.211 and Proposition I8.1.8L is an epimorphism: 

Clearly >V-/VV(+i is isomorphic to the sheaf [U i—0°°(f/, 0 p*o)/Wi+i{^l'^ ®p*o))]. 

Hence we have a continuous epimorphism 


S,: C^{T*U,W,{n^ 0 p*o)/Wi+i{n^ 0 p*o)) ■ 

->V,(t/)/>V,+i(H). 

(10) 

Next we have a continuous map 



Til C°°{T*U,nT'^h/u 0 P*i^'T*U) 0 p*o) 

C°°{U,Vak{TU)). 

(11) 

This map Tj is dehned pointwise 



: C°^{T*X, 0 a'T;X ® p*o) 

VairiTxX) 



using the integration with respect to the characteristic cycle of a subset of T*X. 
By Lemma fl. 8. 201 there exists a canonical isomorphism of vector bundles 


jp. w,in^0p*o)/w,+i{n^0p*o)^ni^-ij/u{T*u)0p*{XT*u)0p*o. 

Let us denote for brevity by Val^ (TX) the sheaf [U ^ C°°{U, Vali{TU))]. Dehne sheaves 
Tii,Si by 


TZiiU) := C°°{T*U, Wi{n^0p*o)/Wi+i{QA 0p*o)), 
S,{U) := ® P*{/\'T*U) 0 p*o). 
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We have the canonical map 


>V,(f/)/>V,+i(t/) ^ (>V,/>V,+i)(t/). 

The composition of this map with Sj from m gives a map 

E,{U ): n,{U) (W./W,+i)([/). (12) 

This map is compatible with restrictions to open subsets. Hence we obtain a morphism of 
sheaves 


(13) 

3.1.4 Lemma, (i) There exists a natural isomorphism of sheaves 

w.7w;+i-^K.. 

(a) For any open subset U G X 

Tim = w'(«)/w'+i(w). 

Proof. Part (i) is obvious. To prove part (ii) note that we have an exact sequence of 
C>x-modules 

0 ^ W' ^ ^ 0. 

Hence from the long exact sequence we get 

0 ^ wm ^ W'+,(i7) ^ ^ 

But since by Example 11.2.111 (Pv-modnles are acyclic we have if^(W,>V') = 0. The result 
follows. Q.E.D. 

3.1.5 Lemma. The morphism Ei\ TZi —Wj/Wj+i is an epimorphism of sheaves. 

Proof. This follows immediately from the facts that W' —Wj is an epimorphism, and 
Q.E.D. 

We will need the following proposition. 

3.1.6 Proposition, (i) There exists unique morphism of sheaves on X 

Ip. ^ValATX) 


which makes the following diagram commutative: 


n, -^ w,/w,+i 


J^ 


k 


5,: 




ValA TX) 


(ii) This morphism Ii is an isomorphism of sheaves. 


(14) 
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Proof. The uniqueness of the morphism Jj follows immediately from the surjectivity of 

Let us prove the existence. Observe hrst of all that for any open subset U C M” using 
Lemma fd. 1.41 we have 

n,[u) = w'(«)/w'+i(w) ^ w.(w)/w.+i(«). 


This shows that 


S,(7^,(W)) W.(W)/>V.+i(W) ^ (>V./>V.+i)(W). (15) 

Let us £x an open subset U <Z X diffeomorphic to M”, and £x a diffeomorphism /; U-^W^. 
By Proposition Id .1.51 Wj(M") = Wj C SV (M"). Theorem ll.d.21l and (ITHll imply that 
Ei(Jli{W^)) = ITj/lTj+i. Let us construct a map denoted also U'. Wi/Wi+i — Val^'^{W^) 
which makes the following diagram commutative: 




Ji 


WJW, 


i+l 


Vali{TR^)) = 


(16) 


As in Subsection 11.31 for 0 G WijWi^x let us dehne 


{Ii(j)){x, K) = lim —(l){rK + x) 

r —^+0 r ® 


where K G /C(M®®), x G M®®. Let us show that the diagram (ll(i|l is commutative. For 
(p G hFi/lTj+i and for all a: G V, iP G X{V) one has 

{Ii(j)){x, K) = lim —(j)(rK + x). 

1—>+o r® 


Let us £x ?7 G 0°°(T*M®®, lTi(f2®® (g) p*o)/hFi+i(0®® ® P*o)). Let us £x a basis e^,..., e* in V*. 
Then we can write 

Mv) = ^X-,n ® A • • ■ A e*. 

where G C'°°(T*M®®, ®p*o). Then 


{Ii{Eiri)){x, K) = 


lim — [ 

/—<■ r —>-+0 r® J Q 

E 


A • • • A e*^ 


= i^,{J,v)){x,K). 


CC(rK+r) 

Vji,--;ji\p~^{x) (8) A ■ ■ ■ A Cj. 











Thus the diagram (uni) is commutative. Pulling the diagram back to U and using 
Proposition Id.l.dl we obtain commutative diagram of vector spaces 


7^,(W)-^ W,(W)/>V,+i(W) 


J^ 


h 


Sm -^ Vak{TU)) 


(17) 


Note however that the map in (El) might depend on a choice of a diffeomorphism 
/: U^W^. This however does not happen due to the uniqueness of Jj which has been 
proved. 

Thus we have constructed, by now, for every open subset U <Z X diffeomorphic to M"" 
the unique map Ii\ Wi{U)/Wi+i{U) —>• C°°iJAaliiTlA)) which makes the diagram (IT7j) 
commutative. Since Wj/Wj+i is the sheahfication of the presheaf \U h->• WiiU)/Wi+iiU)] 
this dehnes in unique way the map of sheaves /*: Wi/Wj+i —> Vah iTX) which makes the 
diagram ED commutative. This proves part (i) of the proposition. 

Part (ii) follows immediately from Theorem II. d. 191 and the description of Jj after it. 
Q.E.D. 

We would like to state separately the following immediate corollary. 


3.1.7 Corollary. The quotient sheaf Wi/Wi+i is canonically isomorphic to the sheaf Val^ (TX). 

3.1.8 Proposition. The sheaves Wj are soft. In particular the sheaf Vff is soft. 

Proof. Consider the hltration of Wj by subsheaves 


Wi D Wi+i D---DWn. 


By Corollary 13.1. 71 Wk-/Wk-Li is an (Px-module for any j. Hence by ExamDle ll.2.111 Wh- /Wh-. l i 
is soft. Hence Wj is also soft by Proposition ^2^1 Q.E.D. 

3.1.9 Proposition. For any section (f G P(W, Wj) there exists p G C°°{T*X, Wi{QT ®p*o)) 
such that for any P G P{X) 

= f v- 

JCC(P) 

Proof. Remind that in Q we have introduced the sheaves W'. We have the canonical 
epimorphism 

W' ^ Wi. 

We have to show that the map 

P(X,W')^P(X,WQ 


is an epimorphism. For i = n this is obvious. 
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Since the sheaves y^'j+i and Wj+i are soft we have 

r(.Y,vv;vvv;._H) = r(.Y,vv;.)/r(.Y,vv;.^i), 

r(Y:, Wj/Wj+i) = r(x, Wj)/r(x, Wj+,). 

By the descending induction in i it is enough to show that the induced maps 

r(.Y,vv;./vv;._H) ^ r(.Y,w,/w,+o 

are epimorphisms for all j. We may assume that j < n. We have seen that the morphism 

s,: w;/w;+, ^ w,/w,+, 

is an epimorphism of sheaves. Moreover the sheaf is an C>x-niodule. But Sj = 

o d/j o Jj, and d'j and Jt are morphisms of C>x-niodules. Set JC := KerEi. Hence /C is 
isomorphic (via I~^) to an Ox-module. Hence by Example 11.2.111 H^(X. K,\ = 0 for z > 0. 
From the long exact sequence we have 

r(x, w'/w'+i) ^ r(x,>v,/>v,+i) H\x,iq = o. 

Thus Proposition Id. 1.91 follows. Q.E.D. 

3.1.10 Corollary. For any 0 G >V„(X) there exists v G |a;x|) such that for any 

P G ViX) 

0(P) = u{P). 

Moreover for any i = 0,1,... ,n — 1 and any 0 G >Vi(X) there exist v G C°°{X, |a;x|) and 
LO G C°°{¥+{T*X), Wi{n^-^)®p*o) such that for any P G V{X) 

cfiP) = u{P) + [ UJ. 

Jn{p) 

3.2 Linear topology on smooth valuations. 

Let us describe the canonical Frechet space structure on the space of smooth valuations. By 
Corollary 13.1.101 we have an epimorphism of linear spaces 

0: C^{X, |o;x|)0C'°°(P+(T*X),H’^-i®p*o) ^ V^(X). 

The source space has a canonical Frechet space structure. It is easy to see that the kernel 
of 0 is closed. Let us dehne the topology on Vx (W) as the quotient topology. This is a 
Frechet topology. By the same argument we dehne a Frechet topology on Vx{U) for any 
open subset U G X. The following proposition is trivial. 

3.2.1 Proposition. For any open subsets U G V G X the restriction map Vx (C) — Vx (f^) 
is continuous. 

3.2.2 Proposition. Let V be an n-dimensional linear space. Consider the isomorphism of 
linear spaces Vy{y)^SV{y) from Proposition \2.4. l^f ii) . 

Then this is an isomorphism of Frechet spaces. 
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Proof. By the Banach inversion theorem it is enough to check that the map V^iV) 
— SV{y) is continuous. This is clear from the definitions. Q.E.D. 

3.2.3 Proposition. For any z = 0,1,..., n, Wi{X) is a dosed subspace o/V“(X). 

Proof. The definition of Wj and Corollary 13.1.101 imply that a smooth valuation (j) G 
Vx{X) belongs to Wi(X) if and only if for any open subset U <Z X diffeomorphic to M"", 
any diffeomorphism /: any K G /C(M"'), and any a: G M"" one has 

+ x) = 0 for fc < z. 

It is easy to see that 0 h->• + a;) is a continuous linear functional on V“(X) 

for any U, f, K, x, k as above. Hence Wi{X) is a closed subspace of V“(X). Q.E.D. 


3.3 The Euler-Verdier involution. 

In this subsection we construct a canonical continuous involution on the sheaf of smooth 
valuations which we call the Euler-Verdier involution. Thus 


^ . "X ?00 , "X ?oo 

a .Vx ^Vx 

satisfies = Id. This involution preserves the filtration W,. 

Let us describe the construction of a. Remind that we have the sheaf Wg on X defined 
by 

W'(V) = C°^{T*U, ® p*o) 

where as previously the last space denotes the space of infinitely smooth sections of the 
bundle VF ®p*o such that the restriction of the projection p to the support of these sections 
is proper. By Proposition 13.1.91 we have epimorphism of sheaves 

0 : Wo ^ V^. 

On the space T*X we have the involution a of multiplication by -1 in each fiber of the 
projection p : T*X — X. It induces involution a* of the sheaf Wg. 

3.3.1 Proposition. The involution (—Ij'^a* factorizes (uniquely) to involution of Vff de¬ 
noted by a. 

Proof. We have to show that if a; G C°°{T*U,Vr ® p*o) satisfies 0(ci;) = 0 then 

0(a*(a;)) = 0. 

It is easy to see that for any a; G C°°(T*X, D" ^p*o) and any P G V{X) one has 

[ a*UJ = (_l)"-dimP f f f 

JcC{P) \JcC(P) JcC(dP) J 

where dP := P\intP, and intP if the relative interior of P. The formula (ITH|) immediately 
implies the proposition. Q.E.D. 

The following result is clear from the discussion above. 
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3.3.2 Theorem, (i) The Euler-Verdier involution a preserves the filtration W,. 

(a) The induced involution on gry^Vx — ValJ TX) comes from the involution on the 
bundle Val{TX) defined as 0 i—>■ i—> (—i^)] for any E VafiT^X) for any 

X E X, and where degfi is the degree of homogeneity of cf. 

Thus the sheaf of smooth valuations decomposes under the action of the Euler-Verdier 
involution into two subsheaves and V“’~ corresponding to eigenvalues 1 and -1 of a 

respectively. Thus 

Vff = 
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